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Maximum Mixing Times of Methane and Air
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University of Maryland, College Park, Maryland 20742

The combined effect of the distribution of fuel, air, temperature, pressure, and velocity in a combustor on
methane–air mixing times is examined using a uni� ed mixing model. The model is designed to study mixing under
both nonreacting and reacting conditions up to the � ame front at low pressures. The degree and rate of mixing
is quanti� ed using the local equivalence ratio and its total derivative with respect to time, respectively. Results
show that velocity divergence, and rates of pressure and temperature affects mixing. The model is validated using
available experimental results. Two mixing mechanisms that can be distinguished are air penetration into the fuel
� ow and fuel dispersion into the surrounding air. Algorithms to calculate the rates of mixing and mixing times
for both these mechanisms are presented. Results show that under both reacting and nonreacting conditions, the
maximum mixing time is directly proportional to the initial pressure and temperature of mixture and inversely
proportional to rates of pressure and temperature, and to velocity divergence. Mixing through fuel dispersion into
the surrounding air is shown to be faster than via air penetration into the fuel � ow. The range of conditions for
the distributions of pressure, temperature, and velocity have been chosen to represent characteristic conditions
encountered in most low-pressure combustors. Rates of pressure of less than one atm/s acting alone provide a
mixing time in excess of one second, which is unacceptably long for many applications, in particular gas turbine
combustion. Rates of temperature that act alone may provide mixing times of 0.001 s or less. Mixing times of the
order of a few milliseconds, required for ef� cient combustion and low emission, require high velocity gradient
at the fuel–air boundary. Results show that enhanced mixing is achieved by combining temperature and velocity
gradients. This analysis of mixing time assists in providing design guidelines for the development of high intensity,
high ef� ciency, and low emission combustors.

Nomenclature
dP /dt = rate of pressure, atm/s
(dP /dt )max = maximum rate of pressure, atm/s
(dP /dt )min = minimum rate of pressure, atm/s
dT /dt = rate of temperature, K/s
(dT /dt )max = maximum of rate of temperature,K/s
(dT /dt )min = minimum rate of temperature, K/s
div U = velocity divergence, 1/s
div Umax = maximum velocity divergence, 1/s
div Umin = minimum velocity divergence,1/s
e1, e2, e3 = unit vectors along the x , y, z axes
M = molecular weight of mixture, kg/kmol
M(0) = initial molecular weight of mixture, kg/kmol
Ma = molecular weight of air, kg/kmol
M f = molecular weight of fuel, kg/kmol
ma = mass of air, kg
m f = mass of fuel, kg
(ma / m f )st = stoichiometric mass ratio of fuel and air
P = pressure, atm
R = universal gas constant/atmospheric pressure,

m3/Kmol-K
Rn = fuel nozzle radius, m
re = rate of equivalence ratio, 1/s
r (exp)

e = experimental rate of equivalence ratio, 1/s
r (max)

e = maximum rate of equivalence ratio, 1/s
r (min)

e = minimum rate of equivalence ratio, 1/s
T = temperature,K
t = time, s
tl = fuel-lean mixing time, s
t (max)
l = maximum fuel-lean mixing time, s
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tr = fuel-rich mixing time, s
t (max)
r = maximum fuel-rich mixing time, s
U = velocity, m/s
u = component of velocity along the x direction, m/s
ucyl = axial velocity component in cylindrical

coordinates, m/s
v = component of velocity along the y direction, m/s
w = component of velocity along the z direction, m/s
x = Cartesian coordinate along the X axis, m
xax = axial cylindrical coordinate, m
y = Cartesian coordinate along the Y axis, m
z = Cartesian coordinate along the Z axis, m
i = integration variable, s
q = total density, kg/m3

q (0) = initial density, kg/m3

u (0) = initial equivalenceratio, dimensionless
u (min)(t ) = minimum equivalence ratio, dimensionless
u (t ) = equivalence ratio, dimensionless
r = del vector operator

I. Introduction

T HE role of a combustor is very important in all systems that
convertchemical energy into heat by combustion.1 The overall

ef� ciency and pollutant’s emission level depend on combustor de-
sign amongst other parameters. With the limited resources of fossil
fuels, efforts must be taken to conserve energy e.g., by enhancing
combustion ef� ciency. Compact combustor designs2 are desirable
as they alsohelp conservefuel. Increasedpoweroutput,� ame stabil-
ity and relighting capability and combustor durability are perennial
concerns. New combustor designs are required to satisfy continu-
ously increasing stringent environmental regulations.3,4

Combustor designs have to accommodate many compromising
requirements.4 As an example, lowering the � ame temperature
and/or residence time in the combustor reduces NOx . However,
higher thermodynamic ef� ciency requires higher temperatures.5

Shorter residence time also reduces NOx emission, whereas en-
hanced mixing and subsequently increased chemical conversion
ef� ciency requires longer residence times.2,3 Swirl, although very
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useful for enhancing fuel-air mixing, can cause � ame instability
and increased NO2 emission levels.6 To satisfy such wide design
requirements, combustion phenomena must be better understood.7

A wide variety of complex phenomena in combustion include tur-
bulence, chemical kinetics, mixing, and � ow aerodynamics.8 Im-
proved combustor design requires a better understanding of each
phenomenon in part and also their interaction. Chemical reactions
cannot proceed until fuel and oxidant are mixed on a molecular
level,9 i.e., the distance between fuel and oxidant molecules is
smaller than their mean free path.1 In addition, the ratio between
fuel and air has to lie within the � ammability limits.6 Fuel-air
mixing is one of the most important and challenging combustion
problems. Mixing affects both combustor ef� ciency and pollutant’s
emission.2

Combustorperformancedependson burnergeometry,design and
location of air and fuel inlets, fuel type and operational conditions.
An effective investigation strategy, based on global combustor de-
sign parameters, is effective for determining the role of promis-
ing designs prior to performing experiments or full computational
� uid dynamics simulations.Analyticalmodels can providevaluable
guidelines.10

II. Overview of Mixing Models
Previousstudieshaveoftenbeen focusedon some speci� c mixing

studiesas the mixingphenomenais consideredto be toocomplicated
to allow for the formulation of a general model.11 Various mixing
steps that can be identi� ed include: distributive mixing, dispersive
mixing, and diffusivemixing.12 The distributivemixing is provided
by large eddies and yields homogeneity on a large scale. The dis-
persive mixing is the shearing and breaking of large eddies into a
multitude of small size eddies and yields a � ner grain mixture. The
diffusive mixing is caused by motion of individual molecules. The
� rst two (distributiveand dispersive) are also known as mechanical
mixing.

Previous models on mixing have attempted to separate the me-
chanical and diffusivemixing in addition to the chemical kinetics.11

These models have focused on the kinematics of � uid particles,
either by attempting a detailed kinetic study of stretching and fold-
ing of � uid surfaces, or by a stochastic analysis of shuf� ing the
given particles.11 Mixing was treated as a succession of indepen-
dent steps of a potentially in� nite number of steps involving ei-
ther mechanical or diffusive mixing but not both. To calculate the
overall mixing time, mechanical and diffusive mixing times were
assumed to be additive. Mixing and intensity of chemical reactions
are interdependent.11 The chemical reaction interaction had to be
ignored except in a few particularcases. In spite of all of these sim-
plifying assumptions the kinetic approach of mixing is faced with
formidabledif� cultywhen quantitativeanswers are desiredbecause
the motion of � uid particles is chaotic in nature.13 In summary, mix-
ing studies that focus on the kinematics of � uid particles are very
cumbersomeandprovideonlyapproximateanswers to somespeci� c
problem. A uni� ed treatment of mechanical and diffusive mixing is
lacking.14

III. Theoretical Approach
A uni� ed mixingmodel has been presented in a previouspublica-

tion by the authors.15 The model predictionsare comparedhere with
the available experimental results. The methane–air mixing times
are also determined.

The degree of mixing attained within an in� nitesimal mixture
element can be quanti� ed using the local equivalence ratio u . As-
suming an ideal gas mixture containing n f moles of fuel and na

moles of air,15 the number of moles of fuel and air can be calculated
from

n f = m f / M f , na = ma / Ma

Therefore

( q f / M f ) + ( q a / Ma ) = P / RT

where

q f + q a = q

As a consequence, the densities of fuel and air, respectively,can be
expressed as

q f = [M f / (M f ¡ Ma)][q ¡ Ma (P / RT )]

q a = [Ma / (M f ¡ Ma )][M f ( P / RT ) ¡ q ]

The correlationbetween local equivalenceratio, pressure, tempera-
ture, and total density is given by15

u =
ma

m f st

M f

Ma

q ¡ Ma (P / RT )
M f ( P / RT ) ¡ q

(1)

Fuel-air mixing can be studied by mapping the combustor with a
series of in� nitesimal � uid elements and analyzing the evolution of
mixture within each element using an Eulerian frame of reference.
The evolutionarybehavior of mixture can be studied using the log-
arithmic derivative of local equivalence ratio with respect to time,
re(t ), which is given by15

re(t ) =
1
u

d u

dt
=

ma

m f st

M f

Ma
(M f ¡ Ma )

RT

u

£ P
d q

dt
¡ q

dP

dt
+ q

P

T

dT

dt
(M f P ¡ RT q )2 (2)

Equation (2) shows that rates of equivalence ratio are linked to
variations of pressure, temperature, and density. These variations
are measured using total derivatives with respect to time. The total
derivative of density with respect to time d q /dt will be called rate
of density. In general, the rate of pressure depends on location and
time and can be written as

dP

dt
=

@P

@x
u +

@P

@y
v +

@P

@z
w +

@P

@t
(3)

For steady-state conditions, Eq. (3) can be written as

dP

dt
=

@P

@x
u +

@P

@y
v +

@P

@z
w

The rate of temperature can be determined in a similar manner.
The equation of continuity6 shows that the total derivative of � uid
density with respect to time dq /dt is given by

dq

dt
= ¡ q r ¢ (U) (4)

where U is the overall velocity of � ow. By de� nition, in Cartesian
coordinates, the del vector operator r is expressed as

r = e1
@u

@x
+ e2

@v

@y
+ e3

@w

@z

and the scalar product of the del operator r and the velocity vector
U, i.e., r ¢ (U) = div U is the divergenceof overallvelocity.There-
fore, in Cartesian coordinates, the velocity divergence is given by

div U =
@u

@x
+

@v

@y
+

@w

@z



958 BRASOVEANU AND GUPTA

Using Eq. (4), the rate of equivalence ratio can be expressed as

re(t ) =
ma

m f st

M f

Ma
(Ma ¡ M f )

RT

u

£ P q r ¢ U + q
dP

dt
¡ q

P

T
dT

dt
(M f P ¡ RT q )2 (5)

The preceding rate of equivalenceratio can be used to study mixing
under both reacting and nonreacting conditions, so long as the � uid
elements contain trace amounts of combustion products.

For diffusion � ames, the equivalence ratio at the inlet is either
in� nity (in the fuel � ow), or zero (in the air � ow). Two mixing
mechanisms that can be distinguishedare the penetrationof air into
the fuel � ow and the dispersion of fuel into the surrounding air.15

Each mixing mechanism can be characterizedby the time required
to yield a � ammable mixture. The time associated with the � rst
mechanism, i.e., the time required to reduce the local equivalence
ratio from in� nity to the upper � ammability limit,6 is de� ned as
tr . A negative rate of equivalence ratio is required for this process.
The fuel-lean mixing time tl is the time associated with the second
mechanism, i.e., the time required to increase the local equivalence
ratio from zero to the lower � ammability limit. This type of mixing
requires a positive rate of equivalence ratio.

Based on Eq. (2), it can be shown that u (t) obeys the following
law:

u (t ) = u (0) exp
t

0

re( s ) d s (6)

For elements that have an initial equivalence ratio of zero, u (t) is
determined by taking the limit of Eq. (6) when u (0) tends to zero.
For elements that initially contained only fuel, u (t ) is determined
by taking the limit of Eq. (6) when u (0) tends to in� nity.

Assume that for a range of operational conditions, the rate of
equivalence ratio is always greater than a certain minimum value
r (min)

e , i.e.,

rmin
e (t ) < re(t) (7)

Further, assume u (0) is kept constant. At time t , the equivalence
ratios u (min)(t ) and u (t ) providedby r (min)

e (t ) and re(t ), respectively,
are given by

u (min)(t ) = u (0) exp
t

0

r (min)
e ( s ) ds (8)

u (t ) = u (0) exp
t

0

re( s ) d s (9)

From inequality (7),

t

0

r (min)
e ( s ) ds <

t

0

re( s ) d s

and therefore

exp
t

0
r (min)

e ( s )

exp
t

0
re( s )

< 1 (10)

From Eqs. (8) and (9)

u (min) (t)
u (t)

=
u (0) exp

t

0
r (min)

e ( s ) ds

u (0) exp
t

0
re( s ) d s

(11)

Calculating the limits of u (min)(t ) / u (t ) when u (0) tends to zero and
in� nity shows that

u (min) (t)
u (t)

=
exp

t

0
r (min)

e ( s ) d s

exp
t

0
re( s ) d s

< 1 (12)

for any initial � uid composition.
To achieve ignition and � ame propagation, the equivalence ratio

has to be maintainedbetween the fuel-leanand fuel-rich � ammabil-
ity limits, which for the case of a methane–air diffusion� ame are 0.5
and 1.68, respectively.6 Assume u (t) is equal to the lean � amma-
bility limit. Inequality (12) shows that at t , the mixture provided by
r (min)

e (t ) is not yet � ammable. In other words, if tl and t (max)
l are the

fuel-lean mixing times provided by re(t ) and r (min)
e (t ), respectively,

then t (max)
l is the maximum fuel-lean mixing time, i.e.,

tl < t (max)
l (13)

In the fuel � ow, mixing requires a negative rate of equivalence
ratio. Similarly, assuming re(t ) < r (max)

e (t ) at any instant, then the
fuel-rich mixing time t (max)

r , which is provided by r (max)
e (t ), is the

maximum fuel-rich mixing time, i.e.,

tr < t (max)
r (14)

For known distributions of pressure, temperature, and velocity,
fuel–air mixing can be studied using Eqs. (5) and (6). Because of
the complexityof real � ows, both the fuel-richand fuel-leanmixing
times have to be determined numerically. Nevertheless, inequality
relation in Eqs. (13) and (14) show that the t (max)

r and t (max)
l mixing

times can be determinedanalyticallyif the minimum and maximum
rates of equivalence ratio, i.e., r (min)

e (t ) and r (max)
e (t), respectively,

obey simple laws.
From Eq. (1), the difference between the equivalence ratio at a

given time t , u (t ), and u (0) is

u (t ) ¡ u (0) =
ma

m f st

M f

Ma

q (t ) ¡ Ma[P(t ) / RT (t )]
M f [P(t) / RT (t)] ¡ q (t )

¡
q (0) ¡ Ma[P(0) / RT (0)]
M f [P(0) / RT (0)] ¡ q (0)

(15)

When the evolutionary behavior of pressure, temperature, and
density are known, Eq. (15) can be used to provide the maximum
values of both fuel-rich and fuel-lean mixing times. Assume that
� uid elements within the air � ow are subject to positive velocity di-
vergence,i.e., div U > 0, cooling, i.e., dT / dt < 0, and dP / dt , which
is always greater than a certain limit, (dP / dt)min > 0. Also assume
that � uid elements within the fuel � ow are subjected to negative
velocity divergence, i.e., div U < 0, heating, (i.e., dT / dt > 0, and a
negative rate of pressure dP / dt < (dP /dt )max . Under these condi-
tions within the air � ow,

r (min)
e (t ) < re(t) (16)

where

r (min)
e (t ) =

ma

m f st

M f

Ma
(Ma ¡ M f )

RT q

u

£ dP

dt
min

(M f P ¡ RT q )2

re(t ) =
ma

m f st

M f

Ma
(Ma ¡ M f )

RT

u

£ P q div U + q
dP

dt
¡ q

P

T

dT

dt
(M f P ¡ RT q )2
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and within the fuel � ow

r (max)
e (t ) > re(t ) (17)

where

r (max)
e (t ) =

ma

m f st

M f

Ma
(Ma ¡ M f )

RT q

u

£
dP

dt
max

(M f P ¡ RT q )2

re(t ) =
ma

m f st

M f

Ma
(Ma ¡ M f )

RT

u

£ P q div U + q
dP

dt
¡ q

P

T

dT

dt
(M f P ¡ RT q )2

Therefore, t (max)
r and t (max)

l are provided by r (max)
e and r (min)

e , respec-
tively. Equation (15) shows that both maximum mixing times are
given by

t =
M(0)P(0)
Ma h dP / dt i

1 + u (t )(m f / ma )st(Ma / M f )

1 + u (t )(m f / ma)st

¡
1 + u (0)(m f / ma)st(Ma / M f )

1 + u (0)(m f / ma )st

(18)

where the average rate of pressure h dP / dt i takes the values of
(dP /dt )max, and (dP / dT )min in the fuel � ow and in the surrounding
air, respectively.

The maximum fuel-rich mixing time is obtained by calculating
the limit when the initial equivalence ratio tends to in� nity and
the � nal equivalence ratio is 1.68. For a methane–air mixture, the
maximum fuel-lean mixing time is obtained by considering an ini-
tial equivalence ratio of zero and a � nal equivalence ratio of 0.5.
Therefore, the expressions for the t (max)

r and t (max)
f mixing times are,

respectively,

t (max)
r =

P(0)M (0)
Ma (dP / dt ) max

1 + u (t )(m f / ma )st(Ma / M f )

1 + u (t )(m f / ma )st
¡

M f

Ma

(19)

t (max)
l =

P(0)M(0)
Ma (dP / dt) min

1 + u (t )(m f / ma )st(Ma / M f )

1 + u (t )(m f / ma )st
¡ 1

(20)

In a similar manner, assume a positive velocity divergence div
U and rate of pressure dP / dt and a negative rate of temperature
dT /dt < (dT /dt )max within the air � ow. In the fuel � ow, one can as-
sume that div U and dP / dt are negative, whereas dT /dt is greater
than a certain minimum value (dT /dt )min > 0. Under these condi-
tions, both the maximum fuel-rich and fuel-lean mixing times are
calculated from

t =
T (0)Ma

M (0) h dT / dt i
1 + u (t )(m f / ma)st

1 + u (t )(m f / ma )st(Ma / M f )

¡
1 + u (0)(m f / ma )st

1 + u (0)(m f / ma)st(Ma / M f )
(21)

where the average rate of temperature h dT / dt i equals (dT / dt )min in
the fuel � ow and (dT /dt )max in the surrounding air. The maximum
fuel-rich and fuel-lean mixing times are

t (max)
r =

T (0)Ma

M (0)(dT /dt ) min

1 + u (t )(m f / ma)st

1 + u (t )(m f / ma )st(Ma / M f )
¡

M f

Ma

(22)

t (max)
l =

T (0)Ma

M (0)(dT /dt ) max

1 + u (t)(m f / ma )st

1 + u (t)(m f / ma)st(Ma / M f )
¡ 1

(23)

The maximum mixing times provided by velocity gradients can
be determinedusinga similarprocedure.Within the air � ow, assume
a positive rate of pressure and a negative rate of temperature. The
velocity divergencediv U is assumed to be positive and greater than
a certain limit (div U)min . Within the fuel � ow, assume a negative
rate of pressure and positive rate of temperature,while div U obeys
the constraint:

div U < div Umax < 0

Under these conditions, the maximum values of both fuel-rich and
fuel-lean mixing time are calculated from

t = ¡
Ma

M (0) h div U i
1 + u (t )(m f / ma )st

1 + u (t)(m f / ma )st(Ma / M f )

¡
1 + u (0)(m f / ma )st

1 + u (0)(m f / ma)st(Ma / M f )
(24)

where the average velocity divergence h div U i takes the values of
(div U)max and (div U)min in the fuel and the surrounding air � ow,
respectively.

As shown, the maximum fuel-rich mixing time is provided by
taking the limit when the initial equivalence ratio tends to in� nity
and the � nal equivalenceratio is 1.68 and the fuel-lean mixing time
is obtained considering an initial equivalence ratio of zero and a
� nal equivalence ratio of 0.5. The fuel-rich mixing time produced
by velocity divergence is given by

t (max)
r =

Ma

M(0)(div U) max

M f

Ma
¡

1 + u (t )(m f / ma )st

1 + u (t )(m f / ma )st(Ma / M f )

(25)

Under the preceding conditions, the maximum fuel-lean mixing
time is:

t (max)
l =

Ma

M(0)(div U) min

1 ¡
1 + u (t )(m f / ma )st

1 + u (t )(m f / ma )st(Ma / M f )

(26)

IV. Model Validation
The calculated rates of equivalence ratio, based on the preceding

model, have been compared with the available experimental data
for methane–air diffusion � ame16 and nonreacting hydrogen–air
mixtures.17 The experimental data for methane–air � ames includes
mass fractions,pressure, temperature,and velocity.16 No turbulence
data are available for the � ames.16 Details of the experimental test
and setup are given in Ref. 16. For hydrogen–air mixtures, the data
by Takagi et al.17 include turbulence intensity and average � ow. In-
formation on density was calculated based on the mass fractions of
nitrogen, oxygen, and hydrogen.

The fuel used by Masri et al.16 was not pure methane but a mix-
ture of 90% methane and 10% combustion products (produced by
burning C2H2 ). The apparatus consisted of a centrally located cir-
cular fuel nozzle for methane surrounded by an annular nozzle for
products of C2H2 combustion.This fuel is then mixed with the sur-
rounding combustion air by diffusion. This setup was selected to
provide strong interaction between � ow turbulence and � ame and
to provideconditionsthat can be describedby parabolicequations.16

The � ame approachedextinction with increase in fuel velocity. For
the examinedconditions,� ame extinctionoccursat an axialdistance
of about 140Rn downstream from the burner exit. As expected, jet
velocities lower than those required for extinction yield a turbulent
diffusion� ame.The reportedexperimentalaccuracyfor temperature
and mass fractions is » 5% (Ref. 16).
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For nonreacting mixtures the fuel was a mixture of H2 and N2

having a volume ratio of 1/ 0.68. The fuel inlet velocity for the
two cases analyzed here was 20.4 and 55.7 m/s, respectively. The
Reynolds numbers corresponding to these velocities are 4200 and
11000, respectively.17 At inlet, air had a uniformvelocityof 5.1 m/s.
No information is given on the experimental accuracy of reported
data. All studies were carried out at one atmosphere pressure. Both
fuel and air were injected axially.

For � uid elements containinginitiallyonly air, the rate of equiva-
lence ratio (based on the initial equivalenceratio) cannotbe de� ned;
see Eqs. (2) and (5). Instead, the average value of equivalence ratio
is used. This average value ¯u is given by

¯u ¼ ( u i + 1 + u i ) /2

Therefore, the experimental rate of equivalence ratio is given by

r (exp)
e (t ) ¼

1
¯u

u i + 1 ¡ u i

xax ,i + 1 ¡ xax ,i
ucyl (27)

Similarly, the values of the rates of density and temperature and
velocity divergenceare calculated.Model rates are calculatedusing
Eq. (5).

The ratio of two numbers A and B (having uncertaintiesof a and
b, respectively) has an uncertainty given by18

e r = §[(a / A) + (b / B)] (28)

The uncertainty of A + B is given by18

e r = §(a + b) (29)

The uncertainty of equivalence ratio, estimated from the known
accuracyof » §5% for the mass fractionsof fuel andair, is estimated
to be about§10%; see Eq. (28). The uncertaintyof spatial locationis
less than 1 mm,16 which is negligiblecompared to the step size, i.e.,
xax ,i + 1 ¡ xax ,i . Usually either the initial value of local equivalence
ratio U i is much greater than the � nal equivalence ratio U i + 1 or
vice versa. Therefore, the uncertainty of the rate of equivalence
ratio is » §20%; see Eqs. (27–29). For hydrogen–air mixtures, data
on accuracy of experimental rates are not reported.

The mixing model requires accurate information on either the
distributionof overall velocity of � ow or density.Equations (2) and
(5) show that the model accuracy deterioratesbecauseof inaccurate
density or overall velocity data [as velocity and density � uctuations
are linked;see Eq. (4)]. The uncertaintyof model results is expected
to be comparable with the level of turbulentvelocity � uctuations. If
velocity � uctuations are negligible (2% of overall � ow velocity or
less), negligible error occurs with the model results using average
instead of overall velocity of � ow.

The results presented here include both nominal values and as-
sociated uncertainties (represented by error bars). Figure 1 shows

Fig. 1 Comparison of the rates of equivalence ratio calculated from
the mixing model and experimental data at an axial distance of xax /Rn =
40 for methane–air � ame having an initial fuel velocity of 41 m/s.

Fig. 2 Comparison of the rates of equivalence ratio between the model
results and experimental data17 at an axial distance of xax /Rn = 12 for
Re = 4200 for the nonreacting hydrogen–air mixture.

experimental r (exp)
e and model re , rates of equivalence ratio for an

initial fuel velocity of 41 m/s (for the diffusion � ame L ), at an ax-
ial distance of xax / Rn =40 (a location where data are reported16 ).
The Reynolds number is not speci� ed. Both rates increase with ra-
dial distance,whereas the initial value of local equivalenceratio de-
creases from 142 to 0.587. Based on the reporteddata, the mixture16

is non� ammable up to and including r / Rn =3 and � ammable for
4 > r / Rn > 3. It is to be noted that fuel was prepared by mixing
methane with � nite amount of C2H2 combustion products (about
10% by mass). The accuracy of the � nite differencescheme used to
calculate the velocity divergence is reduced with increased density
� uctuations. The data on turbulence are lacking. The level of tur-
bulence is expected to increase near the � ame front that will then
result in less accurate model results. Therefore, the experimental
and calculated rates cannot strictly be compared near to the axis of
symmetry and in the vicinityof � ame, i.e., atr / Rn =0 and r / Rn ¸ 1.
Otherwise the comparison shows good agreement.

The model and experimental rates of equivalence ratio for
hydrogen–air mixtures at Re = 4200 are shown in Fig. 2. The initial
equivalenceratio ranged from 3.19 at r / Rn =0 to 3.2 at r / Rn =5.2.
The experimentalaccuracy is not provided and the step size is large
(about 0.060 m) as compared to the � ow. Both experimental and
model rates of equivalence ratio increase with radial distance. At
a radial distance of r / Rn =0, the nominal values of experimental
and model rates of equivalence ratio differ by up to 400 1/s. This
difference is expectedbecauseof high turbulencelevels and the fact
that fuel is a mixture of hydrogen and nitrogen. For r / Rn = 1 to 2,
the ratio between oxygen and nitrogen within mixture is about 3.4
on a mass basis (a value close to that found for air) and velocity
� uctuations are reduced to less than 10% of average velocity. As a
consequence, the nominal rates of equivalence ratio differ by less
than 100 1/s. For r / Rn = 3, the model rate is about two times greater
than the experimental rate. This discrepancycan be attributed to in-
creased turbulence levels. The largest differences between model
and experimental results were observed for a Reynolds number of
11,000.For this case the level of velocity� uctuationsexceeded25%
of average velocity.17 As a consequence, model and experimental
rates of equivalence ratio differ considerably. At locations where
these velocities are comparable, i.e., for Re ·2100, and the mass
fraction of fuel and air exceeds 90%, the model results are compa-
rable with experimental data.

The model and experimental rates of equivalence ratio agree
well for both methane–air mixtures under reacting conditions and
hydrogen–air mixtures under nonreacting conditions. The model is
therefore not limited to any speci� c fuel. The model can, therefore,
provide accurate results at any turbulence levels with information
on overall � ow velocity.

V. Model Accuracy and Applicability Limits
Model accuracy and applicability are limited by the assumptions

made. Analyses of species concentration in combustors show that
the ratio between oxygen and nitrogen remains constant outside
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the � ame. This reveals that by treating air as single specie during
mixing causes negligible errors.6 For pressures up to about 15 atm
and temperaturesexceeding290 K the deviationfrom ideality is less
than 3% (Ref. 19). Another source of error is from the assumption
that no combustion products are presentwithin the � uid element. If
the mass fraction of products is less than 5%, Eq. (15) provides the
� nal equivalenceratio with an accuracy of about 22%; see Eqs. (28)
and (29). As a consequence, the uncertainty of fuel-lean and fuel-
rich mixing times is less than 44%; see Eqs. (18–26). Additional
errors can also arise because of uncertainties in the distribution of
pressure, temperature, and overall velocity. These errors cannot be
attributed to the model itself.

Assume that mixing is because of temperature gradients only
and that the initial temperature of fuel and air exceeds 290 K and
initial pressure is less than 10 atm. For any constant rate of temper-
ature dT /dt, the � nal temperature attained during mixing with air
penetrating into fuel is T (tl) = T (0) + h dT /dt i tl = 1.68 T (0); see
Eq. (21), where h dT / dt i is the average rate of temperature over the
mixing duration. Final temperature for the case of fuel dispersing
into air is 0.96 T (0). Therefore, model accuracy does not degrade
with rates of temperature. Similar analyses showed that rates of
pressure and velocity divergence have negligible effect on model
accuracy. As long as initial pressure remains less than 10 atm, ini-
tial temperatureexceeds290 K, and the mass fractionof combustion
products present within the � uid element does not exceed 5%, the
model uncertaintyis less than 44%. The constraintson mass fraction
of combustion products and initial pressure and temperature can be
further relaxed at the expense of accuracy.

VI. Computational Approach
The maximum mixing times for fuel-lean and fuel-rich limits in

a nonreacting mixture have been calculated using MATHCAD 6.0.
The results presented here show the time in which the equivalence
ratio increases from zero to the lower � ammability limit6 (for the
fuel-lean case) or the time required to reduce the equivalence ra-
tio from in� nity to the upper � ammability limit (for the fuel-rich
case). Because the mixing model used here is based on the ideal
gas law, it cannot be used for mixtures having high density. This
means that the results presented here are not valid only for high-
pressure combustors.Distributionof pressure, temperature,and ve-
locity divergence examined here are characteristic of low-pressure
combustors. The initial pressure was varied from 1 to 5 atm. In the
fuel � ow, (dP / dt)max, (dT / dt )min , and div Umax ranged from ¡ 1.1
to 0 atm/s, 0 to 1,500,000 K/s and ¡ 150 to 0 1/s, respectively. In
the air � ow, (dP / dt)min, (dT /dt )max, and div Umin ranged from 0 to
1.1 atm/s, ¡ 1,500,000 to 0 K/s, and 0 to 150 1/s, respectively.The
range of velocity divergence and rate of temperature and pressure
can be extended (see preceding section), if desired. In both fuel and
air, the initial temperature ranged from 293 to 1465 K. In the fuel
� ow, the initial density varied from 0.665 to 3.325 kg/m3 . In the air
� ow, the initial density was varied from 1.2 to 6 kg/m3.

VII. Results and Discussion
Results presented here show the extent of mixing time variation

as affected by the local values of initial pressure, temperature, rate
of pressure, rate of temperature, and velocity divergence. The re-
sults arevalidunderbothnonreactingand reactingconditionsexcept
when speci� ed. For mixing times, a logarithmic scale is used to ac-
commodatean extendedrange.Figure 3 shows the effect of pressure
distributionon the maximum fuel-richmixing time. Here, the fuel is
subject to heating and a negative velocity divergence (which could
be achievedby deceleratingthe fuel � ow). An initial temperatureof
293 K and an initial pressure in the range of 1 to 5 atm are consid-
ered. The densities corresponding to these pressures are 0.665 and
3.326 kg/m3, respectively. The results show that for rates of pres-
sure havinga magnitudeof less than 0.5 atm/s and initial pressureof
5 atm or higher, the fuel-rich mixing time can exceed 4 s. If the rate
of pressure tends to zero, the maximum fuel-rich mixing time tends
to in� nity and vice versa. For initial pressures of 1 and 5 atm and
a rate of pressure, dP /dt < ¡ 1.1 atm/s, the fuel-rich mixing times
are less than 0.4 and 2 s, respectively. The maximum mixing time

Fig. 3 Effect of pressure distribution on maximummixing time for the
case with air penetrating into the fuel � ow.

Fig. 4 Effect of pressure distribution on maximummixing time for the
case with fuel dispersing into the air � ow.

is proportionalto the pressure and inversely proportional to the rate
of pressure; see Eq. (18). These results are in agreement with pre-
vious studies,15 which showed that the rate of mixing is enhanced
by reducing the initial pressure or increasing the rate of pressure.

The typical gas residence time ranges from a few millisecondsin
gas turbine combustors to a few seconds in furnaces. Mixing due
solely to a rate of pressure is too slow, unless the rate of pressure
signi� cantly exceeds 1 atm/s. For an initial pressure of 5 atm, the
residence time would be insuf� cient to achieve complete mixing.
Incomplete mixing leads to signi� cant combustion inef� ciency and
yieldslargeamountsof unburnedhydrocarbonsthat may be released
into the atmosphere. In furnaces where combustion takes place at
atmospheric pressure, the slow mixing would produce a signi� cant
ignition delay.

The effect of pressure and rate of pressure on the maximum fuel-
lean mixing time is shown in Fig. 4. An initial temperatureof 293 K
is consideredhere. Assume that the air � ow is subjected to cooling
and positivevelocitydivergence.The densitiescorrespondingto the
initial pressures of 1 and 5 atm are 1.2 and 6.0 kg/m3 , respectively.
For a rate of pressure exceeding 1.1 atm/s, the maximum fuel-lean
mixing time is about0.02s when the initialpressureis 1 atmand 0.3 s
when the initial pressure is 5 atm. Therefore,a lower initial pressure
providesshorter mixing times for both cases of air or fuel dispersing
into the other � uid. The maximum fuel-lean mixing time tends to
in� nity when the rate of pressure tends to zero and vice versa. This
phenomenon is similar to the behavior of air penetrating the fuel
� ow. The maximum fuel-leanmixing time is also proportionalto the
initialpressure,as seenfromEq. (18).The resultspresentedin Figs. 3
and 4 show that fuel dispersion into the surrounding air produces
a � ammable mixture about 20 times faster than air penetration into
the fuel � ow. The maximumfuel-richand fuel-leanmixing times are
inversely proportionalto the rate of pressure.An increase in the rate
of pressureprovidesprogressivelyless effect on thesemixing times.
Simultaneous enhancement of both mixing mechanisms requires
that the rate of pressure be positive in the air � ow and negative in
the fuel � ow.
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Fig. 5 Effect of temperature on the maximummixing time for the case
with air penetrating into the fuel � ow.

Fig. 6 Effect of temperature on the mixing time for the case with fuel
dispersing into the air � ow.

For mixingundernonreactingconditions,the rates of temperature
(unless arti� cially enhanced) are negligible. Normally, the rates of
temperature have a signi� cant effect on mixing under reacting con-
ditions. For rates of temperature exceeding1,500,000K/s, fuel-rich
mixing times are less than 0.0002 s for an initial temperature of
293 K and less than 0.001 s for an initial temperature of 1465 K;
see Fig. 5. The initial pressures that correspond to these tempera-
tures are 1 and 5 atm, respectively. Negative rate of pressure and
velocity divergence is considered. As the rate of temperature tends
to zero the maximum fuel-rich mixing time tends to in� nity and
vice versa. Equation (22) shows that the maximum fuel-rich mixing
time is proportional to the initial temperature and inversely propor-
tional to the rate of temperature.These results are in agreementwith
previous studies15 that showed a reduction in the rate of mixing at
high temperatures and increase in the rate of mixing at high rates of
temperature.15 Rates of temperature of less than 1,000 K/s provide
mixing times in excess of 0.3 s.

Figure 6 shows the affect of temperature on maximum fuel-lean
mixing time. A constant density of 1.2 kg/m3 and two initial tem-
peraturesof 293 and 1465 K, respectively,are consideredhere. The
initial pressures that correspond to these temperatures are 1 and
5 atm, respectively. The rate of pressure and velocity divergence
is assumed to be positive. For an initial temperature of 293 K, a
rate of temperature of about ¡ 1,500,000 K/s provides a maximum
fuel-lean mixing time of 6 l s. An initial temperatureof 1465 K and
a rate of temperature of ¡ 1,500,000 K/s provide a maximum fuel-
lean mixing time of approximately30 l s. For an initial temperature
of up to 1465 K and a rate of temperature dT /dt > ¡ 1,000 K/s,
maximum fuel-lean mixing time exceeds 0.005 s. The maximum
fuel-lean mixing time is also proportional to the initial temperature
and inversely proportional to the rate of temperature; see Eq. (23).
As shown in Fig. 6, if air is cooled, the dispersion of fuel into the
surroundingair is enhanced.For the range of temperaturesand rates
of temperature considered, the fuel-lean mixing time may be short
enough to producea � ammable mixture in a few milliseconds, if air

could be cooled during mixing. Normally the temperatures of both
air and fuel tend to increase because of the effect of � ame.

Differences in heat capacity and distance to the � ame may cause
air and fuel to heat up at slightly different rates. Assuming that
the initial temperatures of fuel and air are equal, any difference
in temperature between these � uids, which may appear before the
completion of mixing, will be slight. The effect of the strong heat
� ux provided by � ame will prevail. The temperature of both fuel
and air will increase continuously. As a consequence, mixing via
air penetration into the fuel � ow will be enhanced, although the
dispersion of fuel into the surrounding air will be hampered. If the
initial temperature of fuel and air are signi� cantly different, one
� uid may experiencea brief period of cooling during mixing. If air
is preheated, the air � ow may cool during contactwith fuel, but fuel
temperature will increase not only from caloric radiation of � ame
but also by interaction with air. Under such conditions, both the
dispersion of fuel into the surrounding air and the penetration of
air into the fuel � ow may contribute to mixing. In addition, higher
initial temperature of air must be balanced by the high rate of cool-
ing, otherwise the contributionof fuel dispersion into the surround-
ing air to mixing will be negligible. Fuel preheating may enhance
combustion rates and contribute to mixing in � ames. Nevertheless,
in nonreacting mixtures, fuel preheating could reduce both mixing
mechanisms.As a consequence,both the fuel-leanand the fuel-rich
mixing times may increase.

Assuming an initial fuel temperatureof less than 300 K, the fuel-
rich mixing time can be reduced to a few milliseconds if the rate of
temperatureexceeds10,000K/s. If the initial temperatureis 1465K,
the fuel-rich mixing time can be reduced to a few millisecondsonly
if the rate of temperature is greater than 50,000 K/s. The rate of
temperature alone may not be suf� cient to provide complete mix-
ing. The preceding results have shown that rates of pressure and/or
temperature alone may not assure complete mixing. Mixing has
to be enhanced by another mechanism. As seen from Eq. (24), the
maximum mixing times are inverselyproportionalto velocitydiver-
gence. High velocity divergencecan signi� cantly reduce both fuel-
richand fuel-leanmixing times.Figure 7 shows theeffect of velocity
divergenceon both fuel-rich and fuel-lean maximum mixing times.
Decreasingpressureis assumedwithin the fuel � ow, i.e., dP /dt < 0,
and increasing within the surrounding air, i.e., dP /dt > 0. Fuel is
also subjected to heating, i.e., dT /dt > 0, whereas the surrounding
air is cooled, i.e., dT /dt < 0. The left curve shows the effect of ve-
locity divergence on the maximum fuel-rich mixing time whereas
the right curve shows the effect on the maximum fuel-lean mix-
ing time. An initial velocity divergence having a magnitude in ex-
cess of 50 s ¡ 1 provides a maximum fuel-rich mixing time of less
than 0.01 s. Velocity divergence that exceeds 50 s ¡ 1 provides fuel-
lean mixing times of less than 0.0005 s, even when acting alone,
as shown in Fig. 7. For similar distributions of pressure, tempera-
ture, and velocity, the maximum fuel-rich mixing time is about 20
times larger than the fuel-lean mixing time. This is in agreement

Fig. 7 Effect of velocity divergence on the maximum mixing time for
the case of air penetrating the fuel � ow and fuel dispersing the air � ow.
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with previous studies.15 To achieve comparable fuel-rich and fuel-
lean mixing times, the magnitude of the velocity divergence in the
fuel � ow should be about 20 greater than that in the air � ow. Both
maximum mixing times are inversely proportional to velocity di-
vergence and tend to in� nity when the velocity divergence tends to
zero and vice versa. Temperature and velocity gradients are more
effective for enhancingboth mixing mechanisms than pressuregra-
dients. The in-phase interaction of temperature and velocity gradi-
ents is requiredto assure enhancedmixing.Thus, to enhancemixing
mechanisms the two combustor design guidelines that can be for-
mulated are: 1) methane shouldbe subjected to heatingand negative
velocity divergence, and 2) air should be subjected to cooling and
positive velocity divergence. As a consequence, air preheating is
recommended for methane–air � ames. For similar distributions of
pressure, temperature, and velocity, fuel-lean mixing times being
shorter than fuel-rich mixing times, air penetration into fuel is the
primary mixing mechanism. Therefore, a third combustor design
guideline is the selection of air penetration into fuel when only one
mechanism can be enhanced.

VIII. Conclusions
The maximummixing timesare inverselyproportionalto constant

rates of pressure, temperature, and density under both nonreacting
and reacting conditions as long as the mixture does not ignite and
contains only trace amounts of combustion products. At room tem-
perature and in the presence of a rate of pressure no greater than
1.1 atm/s and negligible temperature and velocity gradients, more
than 0.4 s are required to produce a � ammable mixture. Under re-
acting conditions mixing takes place in the vicinity of � ame, and
the rate of temperature is positive in both the fuel � ow and air � ow.
For this reason, the dispersion of methane gas into the surrounding
air is reduced. Therefore, mixing proceeds better with air penetra-
tion into the fuel � ow. The maximum mixing time is proportionalto
the initial temperature and inversely proportional to the rate of tem-
perature. As a consequence, at higher initial temperature, the rate
of temperature should be as high as possible to provide complete
mixing in less than about a millisecond residence time available in
gas turbine combustors. For the initial pressures and temperatures
considered here, rapid and complete mixing, ef� cient combustion
and low pollutants emission can be achieved by using large rates
of density that are linked to high velocity gradients. To enhance
both air penetration into the fuel � ow and fuel dispersion into the
surrounding air, velocity divergence should be negative in the fuel
� ow and positive in the air � ow. For fuels that are lighter than air,
preheating of the air assists in mixing.
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